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Abstract. Let V C R be a compact real analytic surface with iso- 
lated singularities, and assume its smooth part Vo is equipped with a 
Riemannian metric that is induced from some analytic Riemannian met- 
ric on R . We prove: 

1. Each point of V has a neighborhood which is quasi- isometric (nat- 
urally and 'almost isometrically') to a union of metric cones and 
horns, glued at their tips. 

2. A full asymptotic expansion, for any p € V , of the length of V(~){q : 
dist (q,p) = r} as r — » 0. 

3. A Gauss-Bonnet Theorem, saying that horns do not contribute an 
extra term, while cones contribute the leading coefficient in the 
length expansion of 2. 

4. The L 2 Stokes Theorem, self-adjointness and discreteness of the 
Laplace-Beltrami operator on Vo, and a Gauss-Bonnet Theorem 
for the L 2 Euler characteristic. 

As a central tool we use resolution of singularities. 



1. Introduction 

In this paper we investigate in detail some aspects of the geometry and 
analysis of a compact real analytic surface with isolated singularities. By 
this we mean a compact subset V of some M. N which is locally given as zero 
set of a finite number of real analytic functions, and such that V is a smooth 
2-dimensional manifold outside a finite set sing V. Let Vq = V \ sing V be 
the smooth part. In order to speak of geometry or analysis on V, we need 
to introduce a metric. We assume that an induced metric g is given on 
V, i.e. a Riemannian metric on Vo which is induced by some real analytic 
Riemannian metric on R^. g induces an (intrinsic) distance function d on 
V. 

Our first concern is a description of the local structure of the metric 
space (V,d) up to quasi-isometry. Here, two metric spaces (X,d), (X',d f ) 
are called quasi-isometric if there is a bijective map <I> : X — > X' which is a 
quasi-isometry, i.e. such that there is a constant C > with 

C~ l d{x, y) < d($(x), < Cd(x, y) for all x, y € X. 
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The model metric spaces that will occur are cones and horns. These are 
defined as follows: Let 7 > 1 and e > 0. The space 

C 7 = ([fl,4xSj)/({0}xS 1 ) 

with distance function d 7 induced by the Riemannian metric 

dr 2 + r 2 ~<d6 2 

for r > and d 7 (0, (r, 9)) = r, where := [{0} x S 1 ] is the 'tip', is called 
7-horn and 7 its exponent. A 1-horn is also called a cone. 

Theorem 1.1. Let (V,d) be as above. Then each p E V has a neighborhood 
(inV) which is quasi-isometric to a union of finitely many cones and horns 
with rational exponents, glued at their tips. 

The distance function d on the space glued from C 7l , . . . , C 7n is given by 
the d 7i on each C 7i and d(p, q) = d 7i (p, 0) +d lj (0, q) if p E C li , q E C 7j . ,i / j. 

Example If a < b are positive integers then the set 

{(x,y,z): (x 2 + y 2 ) a = z 2b } CM. 3 

with metric induced from the Euclidean metric on M 3 is quasi-isometric 
(near zero) to two b/a- horns glued at their tip. From this example one sees 
that any combination of cones and horns can occur if one allows V to be 
semi-analytic (i.e. allowing inequalities in a local description of V) or even 
semi-algebraic, so Theorem 1.1 gives a complete classification in this case. 

Note that a small ball around a smooth point is quasi-isometric to a 
Euclidean ball, which is a cone in polar coordinates. 

Theorem 1.1 can be sharpened considerably: First, the quasi-isometry 
can be chosen to be 'natural', and second, it gets closer and closer to an 
isometry as one approaches p. Before we state this precisely, we introduce 
the infinitesimal notion of quasi-isometry: Two Riemannian metrics g, g' on 
a manifold M are called quasi-isometric if there is C > such that for each 
x £ M one has the inequality of quadratic forms 

C- X g x < g' x < Cg x . 

If this holds, then we write 

9 ~c 9' 

or simply g ~ g' . C is called the quasi-isometry constant. It is easy to see 
that, for two connected Riemannian manifolds (M,g), (N,h), a diffeomor- 
phism $ : M — > N is a quasi-isometry for the induced distance functions if 
and only if <I>*/i ~ g. 

Let dist denote the (extrinsic) distance function on M. N and B £ (p) = {x 6 
V : dist(x,p) < e}. 

Theorem 1.2. Let (V,g) be as above and let p G V. If £0 is sufficiently 
small then the following holds for each connected component K of B eo {p)\p: 
There is a parametrization 

$ : (0,e ) x S 1 
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which 'preserves ' r, i. e. 

(1) dist (<&(r, 9),p) = r for all r < eq 

and is normalized arc length along each K r := {q £ K : dist (p, q) = r} such 
that 

.2 , fKr)V M 2 



(2) 3>*g*i+ S dr A +{-^-\ d9 2 . 

Here, l{r) is the length of K r . In f^), one can choose 

5 = Ce a 

when restricting $ to (0, e) x S ,e < eq, with C and a > only depending 
on V and g. 

Explicitly, the arc length condition on $ means 

(3) \d®/d6\g = l(r)/2n. 

Clearly, a parametrization $ satisfying (^|) and (^) (if it exists) is uniquely 
determined by one curve r i— > $(r, 9q) and an orientation on K. 

In order to obtain Theorem ll.ll from Theorem 1.2 one needs to know the 



leading asymptotic behavior of l(r) as r — ► 0. The following theorem gives 
the complete asymptotics. 



Theorem 1.3. The function I (r) defined in Theorem Li has an asymptotic 
expansion, as r — ► ; 

(4) l^-Y^Cijr^logry 

i,3 

with i ranging over n/m > 1 for some fixed integer m and arbitrary integers 
n > m, and j ranging over {0,1}. Also, the leading term contains no 
logarithm, i.e. if 

7 = min{i : C ifl ^ or C it i ^ 0} 

then C-yi = 0. 

The asymptotic expansion may be differentiated (arbitrarily often) term 
by term. 

We will use these precise descriptions of the local geometry to draw some 
conclusions of a global nature. First, we generalize the classical Gauss- 
Bonnet theorem. 

Theorem 1.4. (Gauss-Bonnet Theorem) Let V be a compact real ana- 
lytic surface with isolated singularities pi, ■ ■ ■ ,Pr with an induced Riemann- 
ian metric onVo = V\ {pi, . . . ,pr} as above. Let K denote the Gauss cur- 
vature. According to Theorem sufficiently small pointed neighborhoods 
of the pi, i = 1, . . . ,R, have connected components that are quasi-isometric 
to cones or horns. Let h, . . . ,ls be the leading coefficients in the length 
expansions (Theorem LS) for all the cone-like components. 
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Then K is integrable over Vq and 
where x(V) ^ s the Euler characteristic. 



i=l 



We now adress some questions of analysis. The general problem here is 
the following: Given a Riemannian manifold Vq which is the smooth part of 
a compact 'singular space' V, e.g. an analytic variety, how do the properties 
of the natural differential operators defined on Vq differ from those in the 
smooth case (i.e. V = Vq)? Here the 'properties' can be of a very basic 
nature, like (i) below, or rather involved, like (iii). The Riemannian metric 
g induces a scalar product on differential forms. By L 2 (/\Vq) we denote 
the completion of the space of smooth forms on Vo under this norm. The 
exterior derivative d and its transpose d l act on elements of L 2 (/\ Vq) in the 
sense of distributions. 



Theorem 1.5. Let (V,g) be as in Theorem 1.4 - 

(i) The I? Stokes theorem holds, i.e. if uj,rj,du!,d t rj G L 2 (/\Vq) then 

(5) (dh),ri) = (u,d t ri). 

(ii) The Gauss-Bonnet operator Dqb = d + d 1 and the Laplace- Beltrami 
operator A = D 2 GB are self-adjoint as unbounded operators on L 2 {/\ Vq) 
with domains V{D GB ) = H x (f\ Vq), V(A) = H 2 (/\ Vq) (Sobolev spaces). 
Their spectra are discrete. 

(iii) The L 2 -Euler characteristic of V , i.e. the index of the operator Dqb 
acting from even forms in T){Dgb) to odd forms, equals 
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where N is the total number of cones and horns that occur near singu- 
larities of V. 

(i) is equivalent to a property called 'uniqueness of ideal boundary con- 
ditions', see |Tfl] . It says that no boundary terms occur in the integration 
by parts that is implicit in (|5|). It is conjectured to be true for all complex 
projective varieties with induced metrics, see |l3| for related material. How- 
ever, it is not true in general for compact real algebraic varieties, even if 
the singularities are isolated, see |T^]. Note that (ii) does not say that A is 
essentially self-adjoint on Cq 3 (/\Vq). In fact, it need not be, as one can see 
for certain cones. 



Outline of the proofs: The asserted quasi-isometry in Theorem |L2| with 
any constant (resp. with the constant 1 + 0(e a )) holds iff both of the fol- 
lowing two statements are true (this is elementary; for a proof see Lemmas 



33] and |3j): 
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1. The angle (3 between the curves = const and the curves r = const on 
K is bounded away from zero as r — * (resp. tends to a right angle, 
with an error of order r a ). 

2. The length |$ r | is bounded (resp. is 1 + 0(r Q )). 

We denote <& r = d^/dr etc. For simplicity, we assume in this outline that 
p = and g is induced from the Euclidean metric. Now = Z(& r , If we 
write 3>(r, 0) = rcj)(r,9) with |<?!>| = 1 then <I> r = <^> + r<j) r is a decomposition 
into a 'radial' component which is orthogonal to <&g and a 'spherical' 
component r^ r . Therefore, the quasi- isometry is equivalent to the estimate 
r\(j> r \ < C (resp. r\<p r \ < Cr a ). 

Since the arc length parametrization is difficult to handle directly, we 
deal with arbitrary parametrizations \& = rip,\ip\ = 1, first and show (in 
Section [|) that the r\(f> r \ -estimate follows from the analogous r\ij) T \ -estimate 
plus the uniform boundedness, as r — * 0, of the integrals over K r of the 
absolute geodesic curvature of K r in K. The curvature estimate reduces 
to a length estimate in the unit tangent bundle, which can be proved by 
standard analytic techniques, see Section ||. 

The problem is, then, to construct ij) satisfying r\tp r \ < Cr a . This is easy 
in the model case of a family of curves given by hyperbolas, i.e. the family 
x a y b = r in the (x, y)-plane, for positive integers a and b. Using resolution 
of singularities we can reduce the general case to this model. This will prove 
Theorem 1.2, see Section |2[ 

The asymptotic analysis of l[r) (Section |B|) is also most easily done on 
the blown-up space obtained by resolution of singularities. The curves K r 
are then, locally, simply hyperbolas as above, but their length is measured 
with respect to a degenerating semi-Riemannian metric. In such a general 
situation, one always has an asymptotic expansion as stated, though the 
leading term may be r 7 logr. We prove this using the Mellin transform, 
which reduces the problem to analytic continuation in the complex variable 
z of an integral of the form J K2 \q(x)\ z+A \p(x)\ 1 / 2 x(x) dx for real analytic 
functions p, q and \ £ Cq°(M?), plus a decay estimate for large Imz. To 
do this, we adapt an idea by Bernshtejn and Gel'fand ||] and Atiyah [Q], 
using resolution of singularities again. A separate consideration is needed 
to exclude a logarithm in the leading term, in our situation. 

The Gauss-Bonnet Theorem is proved (in Section ^) by first excising 
small neighborhoods of the singular points and applying the classical Gauss- 
Bonnet Theorem to the resulting smooth manifold with boundary. The 
boundary integrals of geodesic curvature are interpreted as arc length vari- 
ation. Here one needs the differentiated form of (the first term of) the 
asymptotics in Theorem The integrability of K follows again by a stan- 
dard argument, bounding \K\ by the area element of the unit normal bundle 
of V. 

Theorem [O] follows easily from quasi-isometry invariance of some of the 
assertions and well-known results in the conic and horn-like cases. This is 
done in Section ^. 
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Further remarks and related work: All results are true for semi-analytic 
sets V as well, since the methods extend to this case. Clearly, the assumption 
V C M. N was only made for notational convenience. All that matters is that 
the metric on Vo is locally induced by some local embedding. In any case, 
at least any smooth real analytic manifold can be embedded analytically in 
M. N (see |l9|]), so probably the assumption V C is no loss of generality. 
In the preprint L. Birbrair states a theorem that generalizes Theorem 



1.1 to subanalytic surfaces with not necessarily isolated singularities, for g 



the Euclidean metric. However, there is no analogue of the sharper Theorem 



1.2, and the parametrizations are not explicit. J.-M. Lion and J. -P. Rolin E 



prove a theorem on asymptotic expansions in a more general context which 



implies that the asymptotic series in Theorem |L3 converges (i.e. l(r) 



h(r) + hir) logr with l±, I2 analytic in r l l m ); however, the statement about 



the leading term is not clear from 22]. The local geometry of semi-algebraic 



sets is also studied in ||. In particular, the authors prove a Gauss-Bonnet 
Theorem for semi-algebraic sets. For more on curvature of sub-analytic sets 
see J. Fu |Tj|. 

If V is a complex algebraic curve then it falls in the class of surfaces 



considered here. In this case, Theorem 1.1 is much easier to prove. Questions 



of analysis have been treated in great detail by Nagase [ 23 1 , Briining-Lesch 
||,|8| and Bruning-Peyerimhoff-Schroder flOfl , 

The author wishes to thank M. Lesch for many helpful discussions and for 
suggesting to work on the spectral theoretic problems that motivated this 
study, and P. Milman for clarifying some questions on the resolution of sin- 
gularities. Also, thanks to J. Fu and J. Tolksdorf for interesting discussions 
on the subject. 

2. Local metric structure 

In this section we carry out the main steps in the proof of Theorem fL~2| 
We will use geodesic normal coordinates around p in M. N ; these are given 
by the map 

PC : [0, 00) x S N - X -> 1^ 

defined by PC(r, u) = 7(r), where 7 is the geodesic with 7(0) = p, 7'(0) = u. 
gN-i denotes the unit sphere in T p M. N with respect to g\ p , where we denote 
by g the metric on W N also. For r near zero, the form of the metric in 
normal coordinates is 

(6) PC*g = dr 2 + r 2 g sN -i (r) 

where g$N-i (r) is a family of Riemannian metrics on S 1 ^ -1 which depends 
smoothly on r > 0. We will denote this metric on S 1 ^^ 1 simply by | • |. 

We consider local parametrizations of K that satisfy (|l]), i.e. which are of 
the form 

: (0, e) x (—A, A) -> K, 

(7) (r,s) ^ PC(r,iP(r,s)) 
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for some A > 0, e < £q and some map ip : (0, e) x (— yl, A) — ► S 1 ^ -1 . 

The following proposition reduces the desired quasi-isometry statement to 
an estimate on derivatives of parametrizations ^, and to curvature estimates. 
It will be proved in the next section. 

Proposition 2.1. Suppose that there is a finite collection of parametriza- 
tions \P as in (0j whose ranges cover K and which satisfy the inequality, for 
some number Cq: 

(8) r|W| < C . 

Also, suppose that there is a constant C\ such that for the geodesic cur- 
vature K of K r in K we have 

(9) / \k\ da < d 



K r 

where da denotes arc length. 

Then there is a parametrization 

$ : (0,e) x S 1 -> K 

satisfying and (^), with 5 < Cq(6 + 4fe(6 + 2C\)) where k is the number 
of ^ needed to cover K. 

In Section [|, we prove that @) is satisfied in our situation, with C\ only 
depending on V and g. 

The following lemma shows that parametrizations \& satisfying a sharper 
estimate than (||) exist for certain model families of curves in R 2 . 

Lemma 2.2. Let a,b be non-negative integers, not both zero, and let A > 
0. There is a parametrization ^(r,s) = (x(r, s),y(r, s)) of each connected 
component of the family of curves 

x a y b = r, r 6(0,1), \x\ + \y\ < A, 

which satisfies 

i i 

|vj/ r | < r a + b . 

Here, \ ■ \ denotes the Euclidean metric on M 2 . 

Proof If a = then we can take \£(r, s) = (s, ir 1 / 6 ), and the inequality 
is clearly satisfied. Similarly for 6 = 0. 

Now assume a > 0, b > 0. We look at the curves in the first quadrant only, 
the other components are treated analogously. The desired parametrization 
* = (x,y) is defined by setting s = x — y. Namely, considering x, y as 
functions of r,s through the equations s = x — y,r = x a y b , with x,y > 0, 
one obtains by differentiating these equations with respect to r: 

i (a b 
x r = y r = r - + - 
\x y 

By the harmonic-geometric mean inequality, this is bounded above by 
r-\a + b)- 1 {x a y b ) 1/i - a+h) = (a + h)" 1 ^ -1 . 
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The lemma follows. D 

In order to reduce the general case to this model, we now 'blow up' M. N 
to resolve the singularity p of V. That is, we find an analytic manifold X' 
and a proper analytic map tt : X' —* B, where B is a small ball around p 
containing no other singularities of V, so that 

(a) 7T is a diffeomorphism X' \ E — > B \p where E = tt~ 1 (p). 

(b) The 'strict transform' V := 7r -1 (V \ p) is a smooth surface. 

Such an (embedded) resolution always exists, see [18] or ||. For our appli- 



cation, we need to know some additional properties of this resolution: 

Lemma 2.3. The resolution tt : X' — > B can be chosen so that, in addition 
to (a) and (b) above, the following two properties are satisfied: 

(c) Near any point q S EdV there are coordinates yi, ■ ■ ■ , yjv centered at 
q such that, near q, 

V' = {V3 = ■ ■ ■ = VN = 0} and 

N 

r := tt r = \ J \_Vi \ 

i=l 

for some nonnegative integers a%. Here r denotes the distance function 
to p on B. 

(d) Let h = r~ 2 (g — dr 2 ) be the semi-Riemannian metric on B\p obtained 
from the spherical part of g. Then there is a smooth semi-Riemannian 
metric h! on X' such that, on X' \ E, one has h! = %*h. 

Remark Note that h does not extend continuously to p G B. Thus the 
point of (d) is that after pulling back to X' , a smooth extension from X'\E 
to all of X' exists. 

Before we prove this lemma, we finish the proof of Theorem [L4 By 



Proposition 2.1 and Lemma 4.1, we are done if we construct parametrizations 
^ covering V which satisfy the estimate (||) with Co = Ce a . To do this, 
we first find parametrizations of V and then push them down to V: 
For each point q £ Vq := V fl E let U q be a neighborhood of q such that 
there are coordinates y±, . . . , yjy on U q as in (c) above. Below we construct, 
using Lemma parametrizations of the families of curves which make 
up the connected components of V' n U q n {r' > 0}, such that \P' satisfies 
H^grU' < Co = Ce a . Fix q and set VP = it o By construction, ^ is of 
the form (@). We claim that ip satisfies (|). Since (PC _1 f) r = (l,Vv)> w e 
have l^l/j = |(PC~ 1 \I') r |g sJV _ 1 = |-0rU s jv-i • Therefore, we get r|^ J .| SgJV _ 1 = 
^l^rU = ^l^grU' ^ Co which was to be shown. Finally, since r' is proper, 
Vq is compact, so finitely many of the U q cover Vq, and since r' must assume 
a positive minimum on the complement of their union U, there is an eo > 
such that {0 < r' < eq} is contained in U. Thus, the assumptions of 



Proposition 2A are satisfied, so Theorem is proved. 

It remains to construct ^ q for each connected component of V'r\U q r\{r' > 
0}. If this set is non-empty then 03 = . . . = ajy = 0. Then V' is parametrized 
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by yi and 1/2 near q, and r = y 1 1 y 2 2 - We now use the parametrizations 



given by Lemma 2.2. The estimate (@) is then satisfied with respect to the 



Euclidean metric in the y\ , y2-plane and therefore also with respect to the 



smooth semi-Riemannian metric h! . Since the exponent of r in Lemma 2.2 



is — 1, the number Cq can be chosen as Ce a whenever r < e where C 
is a constant only depending on V (stemming from the length distortion 
between the Euclidean metric and the metric b! on U q , i.e. b! < Cg cuc \ on 
U q ) and 

1 

a = min ■ 



a + 6' 

the minimum being taken over the finitely many coordinate neighborhoods 

U q . 

□ 



Proof of Lemma 2.3 



First, we need a few definitions: Let X be a real analytic manifold. A 
normal crossings divisor (n.c.d.) on X is a subset E C X which, near any 
q G X, is a union of coordinate hyperplanes, in a suitable local coordinate 
system near q. A set D has normal crossings with E if the coordinates can 
be chosen so that, in addition, D is a coordinate subspace. Finally, if / is 
a smooth function on X, we say that / has product form with respect to E 
( and D) if {/ = 0} C E and in one (and therefore any) such local coordinate 
system yi, ■ ■ ■ ,yjst near q with y(q) = 0, one has the representation 

N 

(10) f(y) = h(y)Hy? 

i=l 

with h smooth and h(0) 7^ 0, and non-negative integers aj. 

According to || , a resolution can be obtained in the following way: Define 
a sequence 

Am — > Am-1 Ai — » A = .D 

-Em Em-i Ei Eq = 

of spaces n.c.d.s C Xj, and proper maps ttj : Xj + i — > Xj as follows: 
Let Xq = B,Eq = 0. If Xj,Ej are defined, choose a suitable submanifold 
Dj C -Xj which is normal crossings with Ej, and let Xj+i be the elemen- 
tary blow-up of Xj along Dj] that is, essentially Xj + \ is obtained from Xj 
by replacing Dj by its projectivized normal bundle, and 7r,- is the obvious 
projection map; also, set Ej + \ = irJ 1 (Dj U Ej), which is normal crossings 
again. It is one of the main theorems in |l8|] and || that the Dj can always 
be found such that after a finite number of such blowups, X' := Xm is a 
resolution in the sense of (a) and (b) above, and such that V and E = Em 
are normal crossings. Here, ir = vr^/) where ir^ = ttq o . . . o 7Tj_i. Also, one 

may choose Dj to lie in the singular set of nZ} (V \ p) (resp. of V for j = 0). 

Assume first that V is singular at p. We claim that (c) and (d) are 
satisfied for this resolution. The essential fact is that V H B is only singular 
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at p, so that ttq : X\ —* B is just the blow-up of p. If we identify B with 
a subset of M. N via x = rw for x = PC(r,uj), then this can be described 
as X\ = (— £0)£o) x S 1 ^ -1 / ~ where (i,cj) ~ (— t, — u), and 7r([t, w]) = toj. 
Then ^ = tt^O) = {t = 0}. To prove (c), we show inductively that 
i?j := 7r *j) r ' 2 has product form with respect to Ej, for j > 1. This is clearly 

true for j = 1 since vtqT 2 = i 2 in the notation above. Then it follows directly 
from the definition of elementary blow-up that, if Rj has product form with 
respect to Ej and Dj has normal crossings with Ej, then Rj+\ = ^jRj has 
product form with respect to Ej + \. (Use projective coordinates near points 
in nJ 1 (Dj).) Therefore, Rm = vr*r 2 has the form fllol) . Since Rm > 0, h is 
positive and all aj are even. Since i? = {-Rm = 0}, one of the is non-zero 
for q £ E, so one may modify the coordinates such that h = 1. This proves 
(c). 

To prove (d), we note that the pull-back metric on (— Eq,£o) x S n 1 is 
dt 2 +t 2 g S N-i (t) with ggN-i (t) as in (g) for t > and ggN-i (—t) = A*g S N-i (t) 
where A is the antipodal map. This shows that hi := g S N-i(t) is well- 
defined and smooth on X%, and satisfies hi = n^h on X\ \ E\. Therefore, 
h' = (tti o . . . o n r -i)*hi is also smooth. 

Finally, if V is smooth at p then just blow up p once, then (c) and (d) 
are satisfied by the same argument. D 

3. Basics on quasi-isometry 
Lemma 3.1. Let ^ be a local parametrization as in (||). Then 
(11) ^*g ~ dr 2 + H(r, sfds 2 

for some function H if and only if 

r\ij) r (r,s)\ < C 

for some constant C. In this case, one can take H = r\ip s \- Then the quasi- 
isometry constant depends only on C, and for C < 1/2 can be taken to be 
1 + 2C. 

Proof : From (|6|) and ^ = PC o (r, vp) we have 
y* g = dr 2 +r 2 \dip\ 2 

= dr 2 + r 2 \^ r dr + ^ s ds\ 2 

= (l + \A\ 2 )dr 2 +2A- Bdrds + \B\ 2 ds 2 

where A = rip r ,B = rip s . We now use the following elementary lemma. 

Lemma 3.2. Let g = adx 2 -\-2bdxdy + cdy 2 be a positive definite quadratic 
form, and let g = a dx 2 + c dy 2 be its 'diagonal part '. Set 




Then one has 

(l-T)g<g<(l+T)g, 
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and these inequalities are sharp. 

Remark: Note that T is the cosine of the angle between the x-axis and 
the y-axis with respect to the Riemannian metric g on R 2 . Therefore, if 
a, b, c are allowed to depend on x and y, one obtains that g ~ g if and only 
if this angle is bounded away from zero, and the quasi-isometry constant is 
close to one if this angle is close to tt/2. 

Proof The left inequality is equivalent to Ta dx 2 + 2b dxdy + Tc dy 2 > 0, 
and this is equivalent to Ta > and Ta ■ Tc — b 2 > 0. Similarly for the 
right inequality. This implies the claim. Note that always T < 1 since g > 
implies ac — b 2 > 0. D 

Here we have, for fixed (r, s), a = 1 + \A\ 2 , b = A - B and c = \B\ 2 , so 

m _ \A-B\ \A\ 



\B\^1 + \AJ ~ VT+W 

Also, one clearly has dr 2 + \B\ 2 ds 2 » 1+ uia (1+| A| 2 )dr 2 +|.B| 2 ds 2 . Therefore, 
from Lemma ^2 we get a quasi-isometry factor, for fixed (r, s), of at most 
(1 + |^4| 2 )(1 , = = )~ 1 . An easy calculation shows that this is bounded 

v V 1+ \ A \ 

for A bounded, and for \A\ < 1/2 is bounded above by 1 + 2 A. Finally, 
looking at the length of d/dr, one sees that \A\ < C is also necessary for 
the asserted quasi-isometry. 
□ 

The following lemma relates arbitrary parametrizations to (unrenormal- 
ized) arc length parametrizations. 

Lemma 3.3. Let J2(r, t) = PC{r, w(r, t)), (r, t) € (ri, r%) x (ti, t2) be a local 
parametrization of K with uj arc length on the sphere, i.e. |cjt| = 1. As- 
sume that there is a parametrization \P : (0, e) x (—A, A) — > K whose range 
contains the range of and which satisfies the inequality and that (^j 
holds. 

Then, if r\u r (r, t)\ < C holds for one value t = to, it holds for all t (with 
C replaced by C + C0C2 where C2 = 6 + 2C%). 

Proof We may assume that \P and trace the lines r = const in the 
same direction. Define the function b(r) by the equation 

to(r,t ) = ip(r,b(r)). 

Then, if we set l(r,s) = \ip s (r,a)\da, we must have 

Ld(r,t + l(r,s)) = ip(r,s). 

Differentiating in r, we get uj r +l r uJt = Vv> evaluated at corresponding points. 
From condition (^) and \u>t\ = 1 we get 

(12) r\u r (r,to + l(r,s))\ < C & r\l r (r, s)\ < C, 

where C must be replaced by C + Co in either direction of the implication. 
Now we have l r = a( r ) + J&( r ) ~§p\^s\ ds where a(r) = —b'(r)\ip s (r,b(r))\. The 
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variation of length formula says that 

s d ij) s s f s 

— \i/j s \ds=(—^-,ip r ) - (N,ip r )Kda 
b(r) or \ip s \ b{r) J b(r) 

where k is the geodesic curvature, N is the unit normal, and a denotes arc 
length. From (||) and (g) we get r\l r — a\ < C${2 + C\). Therefore, the right 
side of ( |12D is equivalent to r|a(r)| < C, where the constant gets worse by 
Co (2 + Cx). Now since this last condition is independent of s, and since the 
left side of ( |l2| ) is true for s = b(r) by assumption, it must be true for all s. 
Altogether we lose at most Co (6 + 2Ci) in the constant. 
□ 



Proof of Proposition 2.1 



First we consider a parametrization 

n : (0, e) X [0, oo) -► K 

(r,t) i ^ PC(r,uj(r,t)) 

for which u is arc length on the sphere, i.e. \uj t \ = 1. Such a parametrization 
is determined when the 'initial' curve ri-> 0(r, 0) and an orientation for the 
family of curves K r are prescribed. We assume such an orientation given 
and prescribe the initial curve by choosing any one local parametrization if; 
and setting 

(13) w(r,0) = if>(r,0). 
Note that |fit| = r and length(A' r ) = l(r) imply that 

(14) u(rj(r))=uj(r,0) 

for l(r) = l{r)/r. We now prove that the parametrization uj thus defined 
satisfies the inequality 

(15) r\io r (r,t)\ < C 

for t < l(r), with C = (1 + A:C 2 )C . Fix r G (0,e). We prove © for 
r = ro, but with C independent of r®: Since each of the finitely many 
given parametrizations \P covers an interval on the curve 7 = K ro , one 
can choose points po = O(ro, 0),Pi,P2, ■ ■ ■ -,Pk = Po m this order on 7 such 
that each subarc from pi to pt+\ of 7 is contained in the range of some 
parametrization ^ satisfying the estimates stated in the proposition. Define 
= to < h < . . . < tk = l( r o) by letting rti (for i < k) be the distance from 
Po to pi measured along 7 in the positive direction; then Q(ro,ti) = p%. We 
prove by induction on i that ( |l5[ ) is true for t < tj. For i = 0, to = and 
therefore ( |T5| ) is true by (|i"3|), with C = Co- Suppose it is true for t < U 
with some constant C = C(j) . Since the range of *$>i is open, it will contain 
the range of f2 when restricted to a small interval around ro times some 
interval containing [tj,tj + i]. Thus Lemma |3.3| implies that ( |T5| ) holds for 
t G [tj,tj + i], with C = C( i+1 ) = C(j) + C2C0. Altogether, we get that fll5|) 

holds for all t < |(r) with C = (1 + A;C 2 ))C . 
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Now we renormalize to by setting 

(16) 0(r,0) = u{r,9l{r)/2ir). 
We show that <p also satisfies the inequality 

(17) r\Mr,0)\<C, 



where now C = (3 + 2kC2)Co and 9 £ [0,2n]. Differentiating (U) in r, 
we get u> r (r, 0) = u; r (r, Z(r)) + l'(r)uJt(r, l(r)). Now (|i~5|) and |ci> t | = 1 give 
r|Z~'| < (2 + kC 2 )C , and by flTfj) this in turn implies (0)- 

Now set $ = PCo(r, 0). By definition, we have = v\4>q\ = rl{r)/2ir = 
l(r)/2iT, and Lemma |3~l|, applied to gives @. D 

4. Proof of the curvature bound @ 

Lemma 4.1. Condition ify) is satisfied, with C\ only depending on V and 
9- 

Proof Let NK r denote the unit normal bundle of K r in V, a one- 
dimensional submanifold of the unit tangent bundle of Vq. It is an ele- 
mentary fact from differential geometry that 

\k\ < length (NK r ). 

K r 

So it remains to show that these lengths are uniformly bounded as r — ► 0. 
Set U = Ure(Oe) NK r . Now U is a semi-analytic subset of T 1 R iV , the unit 
tangent bundle of (W N ,g). This can be seen as follows: Assume V is given 
as {/i = • • • = /l = 0} near p. If V is a complete intersection at p, i.e. 
L = N — 2, then we can write 

U = {(x,v) £ T l R N : df Ax {v) = 0,uj x (v) = 0,x £ K\p}; 

here the analytic one- form uj is defined as u = *(d(r 2 ) f\df\ A . . . /\dfi) where 
* denotes the Hodge star operator. If V is not a complete intersection at 
p then define, for every subset S C {1, ... , L} with N — 2 elements, the 
one-form los = *(d(r 2 ) A f\ ieS dfi) and use the conjunction of Ug\ x (v) = 
over all S in the description of U. 

We now have the following situation: X = T 1 !^ is a Riemannian real 
analytic manifold, with metric induced from the metric on M. N . U C X is 
a two-dimensional semi-analytic subset and R := r 2 : X — > R is a proper 
analytic function which is non-constant on {7. We claim that this implies 
that the level sets of R have bounded lengths (i.e. one-dimensional Haus- 
dorff measure), for bounded R. This can be proved as follows (see § for 
definitions and theorems used): U is semianalytic and two-dimensional. Let 
7r : Y — » X be a uniformization of Z7; this means that Y is smooth and two- 
dimensional, 7r is proper, and ir{Y) = U. (A uniformization can be obtained 
from a resolution, but also in a simpler way, see Q). Let /i be the pull-back 
semi-Riemannian metric on Y. Now R' = ir*R : Y — * M is proper. Clearly, 
the length of any level line {i? = f} in X is bounded by the length (with 



14 



DANIEL GRIESER 



respect to h) of the level line {R 1 = t} in Y. Therefore, we are now in the 
smooth two-dimensional case, which is easy. For example, one can blow-up 
(fairly explicitly) Y to put R' into local product form, then the level sets are 
families of hyperbolas locally and since the pull-back semi-metric is smooth, 
they have uniformly bounded length (compare Section |5|). D 

5. ASYMPTOTICS OF l{r) 

We investigate Z(r) by evaluating it on the blown- up space X' , described 
in Section |2|. The pull-back metric then degenerates on the preimage of 
{r = 0}. 

We first analyze the model case, where the curves are given in R 2 by 
x a y b = r, but the metric may degenerate on the coordinate axes: 

Proposition 5.1. Let a,b be nonnegative integers, a + b > 0. Let h be 

a real analytic semi-Riemannian metric defined near zero in M. 2 which is 
Riemannian for x a y b ^ 0, and x £ C^°(R 2 ) a cutoff function which is non- 
negative and equals one near the origin. Let l x {r) = l x ,h{r) ^ e ^ e l en 9^ °f 
the curve x a y b = r, weighted by x, i-e. 

l X ( r ) = J \^s(r, s)\ hii(r s) x(^(r, s)) ds 

for some parametrization tjj of this family of curves. 
Then l x ( r ) has an asymptotic expansion, as r — > 

Jxto-X^jr^logr)'' 

where i ranges over —No for some fixed m G N ; and j £ {0,1}. This 
expansion may be differentiated (arbitrarily often) term by term. 

If, in addition, h is the pull-back of a non- degenerate (i.e. Riemannian) 
metric under an analytic map which has injective differential for x a y b ^ 0, 
then the leading term is of the form r 7 . 

Note The following example shows that, without further assumptions, 
logr may appear in the leading term: Let h = y 2 dx 2 + x 2 dy 2 and a = b = 1. 
Then, parametrizing by s = x, one has 

\i> 8 \ h = 1(1, -r/x 2 )\ h = ({r/x) 2 + x 2 {-r/x 2 )f' 2 = V2r/x 

which is easily seen to imply l x (r) ~ —^/2r\ogr. 

Proof Clearly, l x is bounded, smooth for r > 0, and has compact support. 
We use the Mellin transform, defined, for a bounded compactly supported 
function /, by 

roo j 

(Ml)(z) = / r z l{r) — 
Jo r 

with z £ C This integral is defined and holomorphic for Re (z) > 0. As is 
well-known (see [pCfl , for example), an asymptotic expansion for / as r — > 
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(with derivatives) is equivalent to the existence of a meromorphic continua- 
tion of Ml(z) to the whole z-plane, with a pole of order \i at zq corresponding 
to a term r~ z °(logr) /i_1 in the asymptotics, and such that one has decay 
for large imaginary part, i.e. 

(18) \Ml(z)\ <C N \lmz\- N 

for any N, uniformly for bounded Rez and away from the poles. Therefore, 
we have to show the existence of such a continuation with at most double 
poles, at points in — No/m. The additional statement on the leading term 
will be proved directly. 

We assume a > 0, b > 0, the other case is only slightly different, but 
easier. 

A simple calculation, for example using the parameter s = x, shows that, 
as measures, 

Therefore, we get 

roo r-oo j j 

(19) mi x (z)= / x a V 2 p(^,y) 1/2 x(^y) — - 

Jo Jo x y 

where we have used r = x a y b , and where the analytic function p is defined 
as p(x,y) = \(bx, —ay)\\ . If we set x = x\,y = x\ then ( |l9| ) becomes 

/OO f'OO 
/ \x 1 \ 2az - 1 \x 2 \ 2bz - 1 p(xlx 2 2 )y 2 X (xlx 2 2 )dx 1 dx 2 , 

and the asymptotics follows from the following proposition: 

Proposition 5.2. Let p, q be real analytic functions defined in a neighbor- 
hood U of the support of a function p G C£°(R n ). Let A, B 6 R, B > 0. For 
z G C, Rez > —A, define 

B 



f(z)= / \q(x)\* +A \p(x)\"p(x)dx. 
Then 

(a) / can be extended meromorphically to all of C, with poles of order at 
most n. 

(b) //, for every x £ suppp, q(x) ^ implies p(x) ^ and dq\ x ^ then 

\f(z)\<C N \Imz\- N 
for any N, uniformly in |Imz| > 1 and for bounded Rez. 

Proof Part (a) is a consequence of a more general theorem by Gel'fand 
and Bernshtejn, see We sketch their proof and show how one obtains 
(b). First, we use the resolution of singularities theorem to find an ana- 
lytic manifold X and an analytic proper map ir : X — > U so that (1) it is 
a diffeomorphism outside {pq = 0} and (2) the pull-back ir*(pq) has local 
product form; i.e. near any point in X there are analytic local coordinates 
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(yi, . . . ,y n ) centered at that point such that ir*(pq) is a monomial in the yi 
times a non-vanishing analytic function. Then ir*p and ir*q must have local 
product form, too, and if we write 7r*(cZxi A ... A dx n ) = S(y)dy\ A ... A dy n , 
then S must have local product form (this follows from Hilbert's Nullstel- 
lensatz - resp. Riickert's Nullstellensatz in the analytic case, see p4j ] - since 
S vanishes only where Tt*(pq) vanishes, even after local complexification) . 
All this implies that we can use a partition of unity on X to write / as a 
finite sum of terms of the form 

g(z) = [ \q(y)\ z+A \p(y)\ B \S(y)\p(y)dy 

where p G C£°(R n ), q{y) = n*q(y) = y a h(y), p{y) = ir*p{y) = y f3 h 2 (y), 
S(y) = y' y hs(y) with multi-indices a,/?, 7 and hi,h%,h3 non-vanishing on 
supp/5. For each g we have one of the following two cases: 

(I) a ^ 0, i.e. q(0) = 0. 

(II) a = 0; then 7 = by (1) above, and under the additional condition in 

part (b) of the proposition also (3 = 0, dq ^ 0. 
We first consider case (II): If a = then \q\ z and therefore g is entire in z, 
which proves (a). For (b), we may assume w.l.o.g. that q(y) = e Vl , then 

g{R + iI) = e^ 1 (e^ R+A ^ [ \p\ B \S\pdy') d Vl . 

J-00 \ JR"" 1 / 

Since p, S 7^ on supp p, this is the Fourier transform of a smooth compactly 
supported function, therefore rapidly decreasing in /. 

We now consider case (I): By a smooth change of coordinates, we may 
arrange h\ = l. Then (with 5 = a A + (5B + 7) 

g(z)=f \yir z+5l ---\y n \ anZ+5n x(y)dy, x eC^°(R n ). 



The following stronger result now implies the proposition, with m equal 
to the least common multiple of all the positive a,i, over all i and g: If 
X G Co°(R n ) then the function 

g(z 1 , ... ,z n )= \yi\ zi ■■■ \y n \ Zn x(y) dy 

has a meromorphic continuation from {Rezj > 0V«} to C n , with at most 
simple poles on the hyperplanes {zi = — s},s G N, and on {(z±,... ,z n ) : 
dist (zi, — N) > e, |Rezj| < e _1 Vi} one has for any N 



\g(z 1 ,. . . ,z n )\ < C £i jv Y[ l Im 



i=l 

where Cn is bounded in terms of the C M norm of x f° r some M = M(N). 
This claim follows for n = 1 directly from standard facts about distributions, 
see pq| , and for n > 1 by induction. D 

It remains to prove the additional statement in Proposition |5.1| about the 
leading term. Assume h = ir*g for an analytic map 7r : (M 2 ,0) — > (1^,0) 
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as in the proposition and a Riemannian metric g on ~R N (everything defined 
near zero). Then \ip s \h = \d s {ir o if))\ g . Assume b > 0. We will use the 
parametrization by s = x now, i.e. 

A short calculation (as above) shows that 

(20) d s (n(iP{r, a))) = ^{bxn x - ayir y ) G R N 

where (x, y) = ip(r, s). Now the essential fact is the following: As function of 
r and s, every component of ( p0[ ) is a Laurent series in s l l b whose coefficients 
are power series in r l l b . Since it is a derivative in s, the s-residue, i.e. the 
coefficient of s~ 1 , vanishes. This means that no component of the analytic 
function bxir x — ay7r y contains a monomial of the form (x a y b ) a . Also, this 
function does not vanish identically by the non-degeneracy hypothesis on tt. 
In particular, letting 7 E Q be the largest number such that (x a y b )' y divides 
bxn x — ay-Ky, we have 

bxir x - ayn y = (x a y b y i Q{x 1 y) 

with Q : M. 2 — > 1^ analytic in certain fractional powers of x and y and 
Q(0, 0) = 0, and such that Q does not vanish identially on {x = 0}U{y = 0}. 
Since g is nondegenerate, q = \Q\ 2 has the same properties. 

To finish the proof, it is clearly enough to show that, for some constants 
< c < C < 00, we have 

cr 7 < l x (r) < Cr 1 , 
for small r. From ( p0[ ) and the definition of q, we have 

dx 



l x {r) = r 7 /(r)/6 where I(r) = / q(x,y) 1 ^ 2 x(x,y) 



x 



where always y = r l / b l x a / b . To show I < C, we observe that ^(0,0) = 
implies q(x,y) < x B + y B for some B > 0. Since ^ = we have 

I < Jq x B dx/x + b/a /J y B dy/y < C. 

To show I > c, we recall that q does not vanish identically on at least 
one coordinate axis, say the x-axis. Then, q 1 / 2 > c > on some rectangle 
J x [0,S] on which % = 1, where J is an open interval on the x-axis and 
5 > 0. Then I > cq Jjdx/x =: c whenever r is so small that x a y b = r,x S J 
implies y < 5. This finishes the proof of the proposition. 
□ 



Proof of Theorem 1.3: Apply the proposition to the semi-Riemannian 
metric hi = 7r*g and to /12 = h' from Lemma |2.3| (d), and use a partition 
of unity on X' . Clearly l x h\ = r ^xM- Therefore, the leading term has 
exponent 7 > 1. Also, since g is non-degenerate, there is no logarithm. D 
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6. The Gauss-Bonnet Theorem 



Here we prove Theorem [Lj. The integrability of K, i.e. the finiteness of 
f v \K\, is proved in a similar way as the bound on geodesic curvature 
only simpler. We sketch the argument in three dimensions; for details see 
[ jl4] |: From the fact that K is the Jacobian of the differential of the Gauss 
map one easily sees that for any open, relatively compact set U C Vq one 
has Jjj \K\ < area(NU), where NU is the unit normal bundle of U, with the 
induced metric. Since Vo is semi-analytic, so is NVq, so it has finite area by 
compactness of V. Therefore, j Vo \K\ is finite also. 

To prove the Gauss-Bonnet formula, we choose £q > small enough so 



that Theorem L2 applies for each pi (but here we only need the topological 
statement), and let U £ = Ui=i B £ (pi) and V £ = V \ U £ . For e < e' < Sq use 
the additivity of the Euler characteristic and V = V £ U U £ i to obtain 

(21) x(V) = x(v £ ) + x(Ue>) - x(v £ n u £l ). 

Now U £ i is homotopic to {pi, . . . ,pr}, so 

x(U £ >) = R, 

and V £ n U e i is homotopic to a disjoint union of circles, so 

x(v £ nu £ ,) = o. 



Applying the classical Gauss-Bonnet Theorem (see [25], Ch. 6) to the man- 
ifold with boundary V e , we get 

(22) « y - ) = hJ v . K +hU"< 

where k is the geodesic curvature of dV £ = dU £ with respect to the nor- 
mal pointing outward from V £ . Now the variation of arc length is geodesic 



curvature (see [25], Ch. 9), i.e. (with the previous orientation) 

±l(dV e ) = - f (d/dr,N) K 

de JdV e 

where is the unit normal (pointing away from the pj) and d/dr is taken 
with respect to the coordinates described in Theorem |l.2| . Now this theorem 
implies that the scalar product (d/dr, N) tends to 1 as r = e — > 0, uniformly 
in 6. Since f v \k\ is uniformly bounded (Lemma 4.1), we get 

±l(dV £ ) = -[ k + o(s) 



By Theorem 1.3, we have 

i=l 

Therefore, taking the limit e — > in (ET1) and (p2[) we get the result. □ 
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7. Analysis near a singular point 



Here we prove Theorem |L5[ For a differential operator D on forms, 
denote by D mm and D mSbX the unbounded operators in L 2 := L 2 {/\ Vq) with 
domains {uj G L 2 : 3u> n G Cq°(Vo), oj n — ► w and Dw n — ► Dw in L 2 } and 
{lo G L 2 : Dui G L 2 }, respectively. 

Proof of (i): First, we show that validity of the L 2 Stokes Theorem de- 
pends only on the quasi-isometry class of the metric. This is not obvious, 
since the local expression for d l contains derivatives of the metric coefficients. 
But it follows directly from the fact that (||) is equivalent to the statement 

^min — ^max 

and the fact that these two operators (in particular their domains) are quasi- 
isometry invariants. To see this equivalence, note that (|5[) is equivalent to 

(23) (rfmax) = id )max 

where the star denotes the functional analytic adjoint. Also, it is easy to see 
that (d min )* = (d*) max . Since <i m i n and d max a^e closed operators, the claim 
follows. For details see [fP^ ]. 

By Theorem 1.1 it is therefore enough to prove (0) for metrics on Vq that 



are exactly horn- or cone- like near the singularities. This is a special case of 
a well-known result by Cheeger p| , Theorem 2.2. 

Proof of (ii): By (i) and (p3|), the operator d max + (d*)max is self-adjoint. 
Its domain is {uj G L 2 : duj,d l uj G L 2 } = P(L>GB,max) =: -^(A^b), where 
the first equality follows from the orthogonality of the ranges of d and d t . 
Since H 2 (f\V ) = {uj G L 2 : duj,Auj G L 2 } = V((D GBtmax ) 2 ), one also 
has self-adjointness of A. Finally, discreteness of the spectrum is a quasi- 
isometry invariant by [ffl], Lemma 2.17, and was proved for cones and horns 



by Cheeger |12[ and Lesch-Peyerimhoff [21]. 

Proof of (iii): One can argue as in the proof of Theorem L4: X(2) is 
also additive. For manifolds with boundary (and metrics smooth up to the 
boundary) or their open interior, one has \(2) = Xi so only the term \(2) (U e >) 
in ( |2l| ) needs to be reevaluated. Now X(2) ls a quasi-isometry invariant, and 
on cones and horns it equals one by |Q, Lemma 3.4. Since X(2) is calculated 
on the smooth part Vq, one has X(2)(U £ ') = X(2)(U £ ' \ pi,--- ,Pr) = N. U 
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